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Abstract
This paper presents novel closed-form and accurate solutions for the edge moment factor and adhesive stresses for
single lap adhesive bonded joints. In the present analysis of single lap joints, both large deﬂections of adherends and
adhesive shear and peel strains are taken into account in the formulation of two sets of nonlinear governing equations
for both longitudinal and transverse deﬂections of adherends. Closed-form solutions for the edge moment factor and
the adhesive stresses are obtained by solving the two sets of fully-coupled nonlinear governing equations. Simpliﬁed
and accurate formula for the edge moment factor is also derived via an approximation process. A comprehensive
numerical validation was conducted by comparing the present solutions and those developed by Goland and Reissner,
Hart-Smith and Oplinger with the results of nonlinear ﬁnite element analyses. Numerical results demonstrate that the pres-
ent solutions for the edge moment factor (including the simpliﬁed formula) and the adhesive stresses appear to be the best
as they agree extremely well with the ﬁnite element analysis results for all ranges of material and geometrical parameters.
 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Single lap joint (SLJ) subjected to tensile loading as shown in Fig. 1(a) represents the simplest form of adhe-
sive joints and is used as a standard test specimen for characterizing adhesive properties and strength in ASTM,
BS, ES and ISO standards (Tong and Steven, 1999). The main feature of a single lap joint in tension as shown in
Fig. 1(a) is its eccentric loading path which results in large deﬂections, and thus the relationship between the
bending moment at cross-section I in Fig. 1(a) and the applied tensile force is nonlinear. With an increase in
the tensile loading, stress analysis of the single lap joint becomes high nonlinearity, and hence it represents a
signiﬁcant challenge (e.g., Dattaguru et al., 1984; Tsai and Morton, 1994; Tong and Steven, 1999; Aydin
et al., 2005; Magalhaes et al., 2005).
Goland and Reissner (1944) provided a well-known stress analysis of the single lap joint. They showed that
adhesive peel stress is important in joint failure and also adhesive stresses are controlled by the normalized
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edge moment or edge moment factor k at the overlap ends arisen from transverse deﬂection of adherends. In
their paper, Goland and Reissner decoupled the determination of edge moment factor and the determination
of adhesive stresses as shown in parts 1 and 3 of their paper. In part 1 of their paper, the edge moment factor k
was determined by combining the upper and lower adherends in the overlap as one classical homogeneous
beam model and ignoring adhesive layer and its deformation.
Hart-Smith (1973) considered that decoupling of determination of the edge moment factor and adhesive
stresses was a deﬁciency of the Goland and Reissner analysis. To correct this, he treated both adherends in
the overlap as individual beams by adding the eﬀects of adhesive shear strains only and then applied compat-
ibility conditions to adherends independently at the overlap ends. In the course of this analysis, the eﬀects of
large transverse deﬂections of adherends and adhesive thickness deformation were not included, and hence
there exists a remarkable discrepancy in the edge moment factor k between the Hart-Smith predictions and
those of Goland and Reissner.
Oplinger (1994) provided an alternative analysis to the Hart-Smith modiﬁcation for the single lap joint
by considering large deﬂections of adherends and the eﬀects of adhesive shear strains and by ignoring the
eﬀects of bond thickness deformation. In doing so, adhesive deﬂections are allowed to decouple the two
halves of the joint in both bending deﬂection analysis and adhesive stress analysis. There exist a good
correlation in the edge moment factor k between the Oplinger predictions and those of Goland and
Reissner.
The edge moment factor is an important parameter that controls adhesive stresses in single lap joints. It has
been used in the development of two dimensional (2D) analytic models in which assumed are linear variations
of adhesive shear and/or peel stresses (e.g., Allman, 1977; Chen and Cheng, 1983; Ojalvo and Idinoﬀ, 1978;
Carpenter, 1980), and quadratic shear and cubic peel stress variations (Adams and Mallick, 1992). Hence it
is of signiﬁcance to validate various formulas for the edge moment factor.
Finite element method has been used to analyze single lap joints by many authors (e.g. Broughton and
Hinopulos, 1999; Dattaguru et al., 1984; Li and Lee-Sullivan, 2001; Reddy and Roy, 1988; Osnes and Ander-
sen, 2003). Tsai and Morton (1994) provided a comprehensive evaluation of the edge moment factors pre-
dicted using the formulas developed by Goland and Reissner (1944), Hart-Smith (1973) and Oplinger
(1994) as well as of the Goland and Reissner’s adhesive stresses by comparing with the numerical results of
geometrically nonlinear FEA. They found that the edge moment factor by Hart-Smith (1973) is feasible
and reasonable for the short single lap joints; whereas the edge moment factor by Oplinger (1994) is reason-
able for the long single lap joints; and the original Goland and Reissner shear and peel stresses are accurate
enough to predict adhesive stress distributions for the short and long joints. An inspection of Figs 17 and 18 in
the paper by Tsai and Morton (1994) reveals a remarkable discrepancy in the edge moment factor predicted by
the nonlinear FEA and the three analytical predictions.
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Fig. 1. Coordinate systems and force deﬁnitions of the single lap joint.
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The edge moment factor obtained by Goland and Reissner (1944) is widely used in the standard test and
engineering designs because it is simple and easy to use. It is also a critical quantity to conduct stress analysis
of SLJs. Therefore, an accurate equation derived by the analytical procedure would be very useful in engineer-
ing applications.
To our best knowledge, there is no solution available for the edge moment factor and adhesive stresses in
single lap joints that is obtained by simultaneously considering large deﬂections of the overlap and adhesive
strains. In this paper, we present new accurate and closed-form solutions for the edge moment factor and
adhesive stresses for the single lap joint. Large deﬂections of adherends and adhesive shear and peel strains
are considered in the development of two sets of new fully-coupled nonlinear governing equations for the lon-
gitudinal and transverse deﬂections of adherends. Closed-form solutions are obtained for both edge moment
factor and adhesive stresses. A simpliﬁed formula for the edge moment factor is derived with all material and
geometric parameters included. A comprehensive numerical validation was performed to show that the pres-
ent solutions for the edge moment factor and the adhesive stresses are more accurate than the analytical solu-
tions given by Goland and Reissner (1944), Hart-Smith (1973) and Oplinger (1994).
2. Review of previous solutions for outer adherend and adhesive stresses
To analyze the single lap joint shown in Fig. 1(a), we divide it into four sections: O1I, IIO2, upper and lower
adherends in the overlap. For the outer adherend O1I section, considering the free body diagrams in Fig. 1(b),
the axial force N3 and the bending moment M3 are:
N 3 ¼ F ; M3ðx3Þ ¼ F ðax3  w3Þ where; a ¼ t1 þ ta
2ðlþ cÞ ; ð1Þ
where ta and t1 are the thickness of the adhesive and adherends, and the other geometric parameters and force
components are shown in Fig. 1. The boundary conditions for this outer adherend section are:
x3 ¼ 0 : u3 ¼ uO1 and w3 ¼ 0 ðor M3 ¼ 0Þ;
x3 ¼ l : d
2w3
dx23
¼ Mk
D1
where; D1 ¼ E1t
3
1
12
;
8><
>: ð2Þ
where, uO1 is the axial displacement at O1; Mk is the bending moment at the cross section I; E1 is Young’s
modulus of adherends. Displacements at O can be prescribed as zero due to symmetry, and thus
uO1 ¼ uO2 , where uO2 is the axial displacement at point O2.
The displacements of the outer adherend are:
u3 ¼ FAD1 x3 þ uO1 ; w3 ¼ 
Mk
F sinh bkl
sinh bkx3 þ ax3 where; AD1 ¼ E1t1; bk ¼
ﬃﬃﬃﬃﬃ
F
D1
r
: ð3Þ
The displacements of outer adherend section IIO2 can be obtained similarly. In Eqs. (2) and (3), plane stress
state and unit width of the SLJ are assumed for brevity and these assumptions will also be employed in sub-
sequent formulations. However, a practical SLJ is in a plane strain state and a non-unit width normally be-
cause its width is much larger than the thickness; in this case, AD1 and D1 should be modiﬁed accordingly.
In all subsequent formulations, the following variables are introduced:
2us ¼ u2 þ u1; 2ws ¼ w2  w1; 2ua ¼ u2  u1; 2wa ¼ w2 þ w1;
2N s ¼ N 2 þ N 1; 2Qs ¼ Q2  Q1; 2M s ¼ M2 M1;
2N a ¼ N 2  N 1; 2Qa ¼ Q2 þ Q1; 2Ma ¼ M2 þM1;
8><
>: ð4Þ
where subscripts 1 and 2 refer to adherends 1 and 2 in the overlap, and the stress resultants are shown in
Figs. 2 and 3. The equilibrium equations for the free body diagrams in Fig. 2 are:
dN 1
dx
þ s ¼ 0; dQ1
dx
þ r ¼ 0; dM1
dx
þ t1
2
s Q1 ¼ 0;
dN 2
dx
 s ¼ 0; dQ2
dx
 r ¼ 0; dM2
dx
þ t1
2
s Q2 ¼ 0:
8><
>: ð5Þ
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In Eq. (5), s and r are shear and peel stresses in adhesive, whose deﬁnitions are (Goland and Reissner, 1944):
s ¼ Ga
ta
ðu2  u1Þ þ t1
2
dw1
dx
þ dw2
dx
  
¼ 2Ga
ta
ua þ t1
2
dwa
dx
 
; r ¼ Eaðw2  w1Þ
ta
¼ 2Eaws
ta
: ð6Þ
In Eq. (6), Ea and Ga are Young’s and shear moduli of the adhesive. Substantial investigations have shown
that Eq. (6) is suﬃciently accurate for the thin adhesive. In our previous work (Luo and Tong, 2004), we ob-
tained analytical solutions of adhesive stresses with constant, linear and higher order variations through the
thickness. The adhesive stresses based on the assumption of constant variation through bondline are:
s ¼ bsðFt1 þ 6MkÞ cosh bsx
8t1 sinh bsc
þ 3ðFt1  2MkÞ
8t1c
; ð7Þ
r ¼ 2Ea
ta
ðBr1 sinh brx sin brxþ Br4 cosh brx cos brxÞ; ð8Þ
where, Br1 and Br4 are integration constants; the details can be found in our previous paper (Luo and Tong,
2004). The shear and peel stresses given in Eqs. (7) and (8) are the same as those of Goland and Reissner
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Fig. 2. Free body diagrams of inﬁnitesimal elements of the overlap part for linear analysis.
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Fig. 3. Free body diagrams of the overlap for the geometrically nonlinear analysis.
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(1944) when the same boundary conditions of the overlap are prescribed. The eigenvalues bs and br are de-
ﬁned as:
bs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8Ga
AD1ta
s
; br ¼
ﬃﬃﬃ
2
p
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Ea
D1ta
:
4
s
ð9Þ
Eigenvalues bk, bs and br were used in the formulations of Goland and Reissner (1944) and will be utilized in
the present formulations for fully-coupled nonlinear analysis of SLJs.
3. Fully-coupled nonlinear governing equations and their solutions
3.1. Governing equations
Considering the free body diagram in Fig. 3, we have the following equilibrium equations:
dN 1
dx
þ s ¼ 0; dQ1
dx
þ rþ s dw1
dx
¼ 0; dM1
dx
þ t1
2
s Q1 ¼ N 1
dw1
dx
;
dN 2
dx
 s ¼ 0; dQ2
dx
 r s dw2
dx
¼ 0; dM2
dx
þ t1
2
s Q2 ¼ N 2
dw2
dx
:
8><
>: ð10Þ
For a general geometrical nonlinearity of the Euler–Bernoulli beam, constitutive equations are (Tsai and Mor-
ton, 1994):
N ¼ A du
dx
þ 1
2
du
dx
 2
þ 1
2
dw
dx
 2" #
 B d
2w
dx2
;
M ¼ B du
dx
þ 1
2
du
dx
 2
þ 1
2
dw
dx
 2" #
 D d
2w
dx2
8>>><
>>>:
ð11Þ
where, A, B and D are extensional, extensional-bending and bending stiﬀness. For a beam made of an isotro-
pic material, B = 0.
Substituting Eq. (4) into (10), we can obtain:
dN s
dx
¼ 0; dQs
dx
 r s dwa
dx
¼ 0; dM s
dx
 Qs ¼ N s
dws
dx
 N a dws
dx
;
dN a
dx
 s ¼ 0; dQa
dx
 s dws
dx
¼ 0; dMa
dx
þ t1
2
s Qa ¼ N s
dwa
dx
 N a dws
dx
:
8><
>: ð12Þ
For the adhesive with the shear and peel stiﬀness, Eq. (6) is employed. Based on equilibrium, we have:
N s ¼ N 1 þ N 2
2
¼ F
2
: ð13Þ
To obtain closed-form analytical solutions, the nonlinear terms in Eqs. (11) and (12) are neglected. Noting Eq.
(13), we have the following equilibrium and constitutive equations:
dN s
dx
¼ 0; dQs
dx
 r ¼ 0; dM s
dx
 Qs ¼ 
F
2
dws
dx
;
dN a
dx
 s ¼ 0; dQa
dx
¼ 0; dMa
dx
þ t1
2
s Qa ¼ 
F
2
dwa
dx
;
8><
>: ð14Þ
Ni ¼ AD1 dui
dx
; Mi ¼ D1 d
2wi
dx2
ði ¼ s; aÞ: ð15Þ
A comparison with Eq. (5) reveals that the constant tensile load F is introduced in the present solvable non-
linear governing equations. Substituting Eqs. (6) and (15) into Eq. (14), we derive the following governing
equations:
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d2us
dx2
¼ 0;
D1
d4ws
dx4
 F
2
d2ws
dx2
þ 2Ea
ta
ws ¼ 0;
8><
>: ð16Þ
AD1
d2ua
dx2
 2Ga
ta
ua þ t1
2
dwa
dx
 
¼ 0;
D1 d
4wa
dx4
þ Gat1
ta
dua
dx
þ t1
2
d2wa
dx2
 
þ F
2
d2wa
dx2
¼ 0:
8>><
>>:
ð17Þ
Closed-form solutions of Eqs. (16) and (17) can be readily obtained.
3.2. Solutions of equation (16)
The closed-form solutions of Eq. (16) can be expressed as:
us ¼ As1xþ As2;
ws ¼ ðBs1 sinh bs1xþ Bs2 cosh bs1xÞ sin bs2xþ ðBs3 sinh bs1xþ Bs4 cosh bs1xÞ cos bs2x;

ð18Þ
where, As1, As2 and Bsi (i = 1,2,3,4) are the integration constants; the eigenvalues are:
bs1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2r þ
b2k
8
s
; bs2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2r 
b2k
8
s
: ð19Þ
The solution procedure of the eigenvalues bs1 and bs2 is detailed in Luo and Tong (2004). The eigenvalue bs2 is
a real number in general. When the tensile force F is so large that bs2 becomes a complex number, the SLJ will
be failed because of the very high stress, which is easy to check out by substituting normal values of the geo-
metrical sizes and materials properties into (19). Therefore, Eq. (18) is a correct solution form in engineering
senses. The pure mathematical solutions will not be presented in this paper.
The force components at the intersection I and II are (Goland and Reissner, 1944):
NI ¼ F ; V I ¼ V k ¼ Mkbk coth bkl; MI ¼ Mk;
NII ¼ F ; V II ¼ V k ¼ Mkbk coth bkl; MII ¼ Mk
ð20Þ
where VI, VII and Vk are the shear forces at the deformed cross section and Mk is the edge bending moment.
By combining with Eqs. (4), (14), (15) and (20), the boundary conditions for Eq. (16) are:
x ¼ c : AD1 dus
dx
¼ F
2
; D1
d3ws
dx3
¼ V k
2
; D1
d2ws
dx2
¼ Mk
2
;
x ¼ c : AD1 dus
dx
¼ F
2
; D1
d3ws
dx3
¼  V k
2
; D1
d2ws
dx2
¼ Mk
2
:
8><
>: ð21Þ
Substituting Eq. (18) into (21), we can ﬁnd the integration constants as follows (Luo and Tong, 2004):
As1 ¼ F
2AD1
; As2 ¼ 0; Bs2 ¼ Bs3 ¼ 0;
Bs1 ¼ a22Mk  a12V kD ; Bs4 ¼
a21Mk þ a11V k
D
;
8><
>: ð22Þ
where,
a11 ¼ D1 b2s1  b2s2
 	
sinh bs1c sin bs2cþ 2bs1bs2 cosh bs1c cos bs2c

 
;
a12 ¼ D1 b2s1  b2s2
 	
cosh bs1c cos bs2c 2bs1bs2 sinh bs1c sin bs2c

 
;
a21 ¼ D1 bs1 b2s1  3b2s2
 	
cosh bs1c sin bs2c bs2 b2s2  3b2s1
 	
sinh bs1c cos bs2c

 
;
a22 ¼ D1 bs1 b2s1  3b2s2
 	
sinh bs1c cos bs2cþ bs2 b2s2  3b2s1
 	
cosh bs1c sin bs2c

 
;
D ¼ 2ða11a22  a21a12Þ:
8>>>><
>>>>:
ð23Þ
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The closed-form solutions of Eq. (16) are:
us ¼ F
2AD1
x;
ws ¼ Bs1 sinh bs1x sin bs2xþ Bs4 cosh bs1x cos bs2x:
8<
: ð24Þ
3.3. Solutions of equation (17)
The closed-form solutions for Eq. (17) can be expressed as:
ua ¼ Aa1 sinh ba1xþ Aa2 cosh ba1xþ Aa3 sinh ba2xþ Aa4 cosh ba2xþ Aa5;
wa ¼ Ba1 sinh ba1xþ Ba2 cosh ba1xþ Ba3 sinh ba2xþ Ba4 cosh ba1xþ Ba5xþ Ba6;

ð25Þ
where, Aai and Baj (i = 1,2, . . ., 5; j = 1,2, . . ., 6) are the integration constants, which are determined by the
boundary conditions. The eigenvalues in Eq. (25) are:
b2a1 ¼
1
2
b2s þ
b2k
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b4s þ
b2sb
2
k
2
þ b
4
k
4
s0
@
1
A; b2a2 ¼ 12 b2s þ b
2
k
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b4s þ
b2sb
2
k
2
þ b
4
k
4
s0
@
1
A: ð26Þ
By referring to Eq. (21), the boundary conditions for Eq. (17) can be obtained in a similar manner:
x ¼ c : AD1 dua
dx
¼  F
2
; D1 d
3wa
dx3
þ t1sðcÞ
2
¼ V k
2
; D1
d2wa
dx2
¼ Mk
2
;
x ¼ c : AD1 dua
dx
¼ F
2
; D1 d
3wa
dx3
þ t1sðcÞ
2
¼ V k
2
; D1
d3wa
dx3
¼ Mk
2
:
8><
>>: ð27Þ
Substituting Eq. (25) into the 1st equation of (17), we have:
Aa1 ¼ Ka1Ba2; Aa2 ¼ Ka1Ba1; Aa3 ¼ Ka2Ba4; Aa4 ¼ Ka2Ba3; Aa5 ¼ Ka3Ba5; ð28Þ
where,
Ka1 ¼ ba1Ka10 ¼
Ka3ba1b
2
s
4b2a1  b2s
; Ka2 ¼ ba2Ka20 ¼
Ka3ba2b
2
s
4b2a2  b2s
; Ka3 ¼ t1
2
: ð29Þ
By substituting Eq. (25) into (27), the following equations can be obtained (Luo and Tong, 2004):
Ka10b
2
a1 cosh ba1c
 	
Ba2 þ Ka20b2a2 cosh ba2c
 	
Ba4 ¼ 0;
b2a1 cosh ba1c
 	
Ba2 þ b2a2 cosh ba2c
 	
Ba4 ¼ 0;
(
ð30Þ
Ka10b
2
a1 sinh ba1c
 	
Ba1 þ Ka20b2a2 sinh ba2c
 	
Ba3 ¼ F
2AD1
;
b2a1 sinh ba1c
 	
Ba1 þ b2a2 sinh ba2c
 	
Ba3 ¼ Mk
2D1
:
8>><
>: ð31Þ
By solving Eqs. (30) and (31), the integration constants are obtained:
Ba2 ¼ Ba4 ¼ Aa1 ¼ Aa3 ¼ 0;
Ba1 ¼ 12Ka20Mk  t
2
1F
2E1t31b
2
a1ðKa20  Ka10Þ sinh ba1c
; Ba3 ¼ 12Ka10Mk  t
2
1F
2E1t31b
2
a2ðKa10  Ka20Þ sinh ba2c
:
8<
: ð32Þ
The closed-form solutions of Eq. (17) are then obtained:
ua ¼ Aa2 cosh ba1xþ Aa4 cosh ba2xþ Aa5;
wa ¼ Ba1 sinh ba1xþ Ba3 sinh ba2xþ Ba5x:

ð33Þ
In the solutions given by Eqs. (3), (24) and (33), there are three unknownsMk, uO1 and Ba5 which can be solved
by the continuity conditions at cross section I or II in Fig. 1.
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3.4. Solutions for the edge moment factor and adhesive stresses
The continuity conditions at cross section I in Fig. 1 are:
u3ðlÞ ¼ usðcÞ  uaðcÞ; w3ðlÞ ¼ waðcÞ  wsðcÞ;
dw3ðlÞ
dx3
¼ dwaðcÞ
dx
 dwsðcÞ
dx
;
8<
: ð34Þ
Substituting Eqs. (3), (24) and (33) into Eq. (34), we have:
Fl
E1t1
þ u10 ¼  Fc
2E1t1
 Ba1Ka1 cosh ba1c Ba3Ka2 cosh ba2cþ
t1
2
Ba5;
Mk
F
 al ¼ Ba1 sinh ba1cþ Ba3 sinh ba2cþ Ba5cþ Bs1 sinh bs1c sin bs2cþ Bs4 cosh bs1c cos bs2c;
Mkbk coth bkl
F
þ a ¼ Ba1ba1 cosh ba1cþ Ba3ba2 cosh ba2cþ Ba5
þ Bs1bs2 þ Bs4bs1ð Þ sinh bs1c cos bs2cþ Bs1bs1  Bs4bs2ð Þ cosh bs1c sin bs2c:
8>>>>><
>>>>:
ð35Þ
Solving Eq. (35), we obtain the edge moment at cross section I:
Mk ¼ kF t1 þ ta
2
 
; k ¼ 1þ dF
1þ bkc coth bklþ dM
: ð36Þ
In Eq. (36), k is the edge moment factor; dF and dM are given by:
dF ¼  Da1FAD1ðt1 þ taÞ ;
dM ¼  Da2
2D1
þ ða22  a12bk coth bklÞDs1
D
 ða21  a11bk coth bklÞDs2
D
 
F ;
8><
>: ð37Þ
where,
Da1 ¼ ðsinh ba1c ba1c cosh ba1cÞ
b2a1ðKa20  Ka10Þ sinh ba1c
þ ðsinh ba2c ba2c cosh ba2cÞ
b2a2ðKa10  Ka20Þ sinh ba2c
;
Da2 ¼ Ka20ðsinh ba1c ba1c cosh ba1cÞ
b2a1ðKa20  Ka10Þ sinh ba1c
þ Ka10ðsinh ba2c ba2c cosh ba2cÞ
b2a2ðKa10  Ka20Þ sinh ba2c
;
Ds1 ¼ sinh bs1c sin bs2c bs1c cosh bs1c sin bs2c bs2c sinh bs1c cos bs2c;
Ds2 ¼ cosh bs1c cos bs2c bs1c sinh bs1c cos bs2cþ bs2c cosh bs1c sin bs2c:
8>>>><
>>>>>:
ð38Þ
The edge moment factor shown in Eq. (36) is quite complicated for practical design of single lap joints, and it
needs to be simpliﬁed.
Substituting the bending moment Mk into Eq. (35), we can solve the unknowns uO1 and Ba5, and thus all
displacement components are found. Substituting the displacement components into Eq. (6), we can obtain
the following expressions for adhesive shear and peel stresses:
s ¼ 2Ga
ta
Ka10 þ t1
2
 
ba1Ba1 cosh ba1xþ Ka20 þ
t1
2
 
ba2Ba3 cosh ba2x
h i
; ð39Þ
r ¼ 2Ea
ta
ðBs1 sinh bs1x sin bs2xþ Bs4 cosh bs1x cos bs2xÞ: ð40Þ
It is worth noting that the present shear and peel stresses are diﬀerent from those of Goland and Reissner
(1944) even if the same boundary conditions of the overlap are prescribed.
3.5. Simpliﬁcation of the edge moment factor
To simplify the edge moment factor k, the following approximations are used:
sinh bs1c  cosh bs1c 
ebs1c
2
; sinh bs2c  cosh bs2c 
ebs2c
2
; sinh ba1c  cosh ba1c 
eba1c
2
: ð41Þ
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The approximations in Eq. (41) are suﬃcient accurate in most cases. By utilizing Eq. (41), and cothbkl  1,
which is accurate when l t1 for most cases. Eqs. (23) and (38) are simpliﬁed respectively as:
a11 ¼ D1 b2s1  b2s2
 	
sin bs2cþ 2bs1bs2 cos bs2c

 
ebs1c=2ð Þ;
a12 ¼ D1 b2s1  b2s2
 	
cos bs2c 2bs1bs2 sin bs2c

 
ebs1c=2ð Þ;
a21 ¼ D1 bs1 b2s1  3b2s2
 	
sin bs2c bs2 b2s2  3b2s1
 	
cos bs2c

 
ebs1c=2ð Þ;
a22 ¼ D1 bs1 b2s1  3b2s2
 	
cos bs2cþ bs2 b2s2  3b2s1
 	
sin bs2c

 
ebs1c=2ð Þ;
D ¼ 2ða11a22  a21a12Þ;
8>>>><
>>>>:
ð42Þ
Da1 ¼ ð1 ba1cÞ
b2a1ðKa20  Ka10Þ
þ ðsinh ba2c ba2c cosh ba2cÞ
b2a2ðKa10  Ka20Þ sinh ba2c
;
Da2 ¼ Ka20ð1 ba1cÞ
b2a1ðKa20  Ka10Þ
þ Ka10ðsinh ba2c ba2c cosh ba2cÞ
b2a2ðKa10  Ka20Þ sinh ba2c
;
Ds1 ¼ ½ð1 bs1cÞ sin bs2c bs2c cos bs2c ebs1c=2ð Þ;
Ds2 ¼ ½ð1 bs1cÞ cos bs2cþ bs2c sin bs2c ebs1c=2ð Þ:
8>>>>><
>>>>>:
ð43Þ
Substituting Eqs. (42) and (43) into (37), we have:
dF ¼ aa1ðbkcÞ2; dM ¼ ðaa2 þ asÞðbkcÞ2; ð44Þ
where,
as ¼ D1½ða22  a12bkÞDs1  ða21  a11bkÞDs2c2D ; aa1 ¼ 
t21Da1
12c2ðt1 þ taÞ ; aa2 ¼ 
Da2
2c2
: ð45Þ
Eqs. (44) and (45) give almost the same numerical results of the edge moment as those of Eqs. (37) and (38).
This approximate edge moment factor can be further simpliﬁed for engineering applications.
In engineering applications, the following approximations are suﬃciently accurate:
bs1  bs2  br; ba1  bs  ba2; br  bk: ð46Þ
Using Eq. (46), we have:
Ka10 ¼ t1
6
; Ka20 ¼  t1
2
; Ka10  Ka20 ¼ 2t1
3
: ð47Þ
The following inequalities hold for the long overlap:
brc 1; bsc 1: ð48Þ
Eq. (48) is used to simplify as, aa1 and aa2, whose inﬂuence on the bending factor is small for the short overlap
(small bkc) by referring to Eqs. (36) and (44). Therefore, these inequalities can be applied to both short and
long overlaps.
Applying Eqs. (46)–(48) to (45), we have:
as ¼ 1
2brc
; aa1 ¼ bscf ðba2cÞ  1
8bscð1þ ta=t1Þ
; aa2 ¼ bscf ðba2cÞ þ 3
8bsc
; ð49Þ
where,
f ðba2cÞ ¼
ba2c coth ba2c 1
ðba2cÞ2
: ð50Þ
The simpliﬁed edge factor is:
k ¼
1þ ðbkcÞ2
bscf ðba2cÞ  1
8bscð1þ ta=t1Þ
 
1þ ðbkcÞ coth bklþ ðbkcÞ2
1
2brc
þ bscf ðba2cÞ þ 3
8bsc
  : ð51Þ
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When l t1, cothbkl  1; the term cothbkl in Eq. (51) can be omitted. Eigenvalue ba2 is given in Eq. (26),
which is dependent on bk and bs only. It can be seen that all variables in Eq. (51) are the eigenvalues used
in stress analysis of SLJs.
The simpliﬁed edge moment factor shown in Eq. (51) includes all geometric characteristics and material
properties of the adhesive and adherends, which overcomes the deﬁciency of the formulations with no adhe-
sive material properties and thickness presented by Goland and Reissner (1944) and Hart-Smith (1973). Tsai
and Morton (1994) indicated that both the material property and the thickness of the adhesive have signiﬁcant
inﬂuences on the edge moment factor for the long overlap. The precision of Eq. (51) will be numerically dem-
onstrated. In some cases, the following equations may also be used to predict the edge moment factor:
k ¼ 1
1þ bkc coth bkl
or k ¼ 1
1þ bkc
when coth bkl  1: ð52Þ
Eq. (52) is much simpler but only applicable to short overlaps as it does not include the adhesive material
property and thickness.
4. Numerical results, veriﬁcation and comparison
In this section, we will present numerical results, which will be veriﬁed with the nonlinear FEA results given
by Tsai and Morton (1994) and the present computation using MSC/NASTRAN. The numerical results are
also compared with those predicted by the Goland and Reissner, Hart-Smith and Oplinger formulations.
Table 1 lists the relevant equations and abbreviations used in the ﬁgures of this paper. The relevant variable
deﬁnitions in Table 1 can be found in the corresponding literatures. The equation in the second row of the
table was called the modiﬁed GR bending factor by Tsai and Morton (1994). Symbol (S) in the bracket is
referred to the simpliﬁed formula.
Table 1
Analytical and numerical solutions and abbreviate symbols
Nomenclature Edge moment factor formula and numerical analysis
Goland and Reissner formula (1944) – GR
1
1þ 2 ﬃﬃﬃ2p tanhðbkc=2 ﬃﬃﬃ2p Þ cothbkl
Goland and Reissner simpliﬁcation – GR (S)
1
1þ 2 ﬃﬃﬃ2p tanhðbkc=2 ﬃﬃﬃ2p Þ
The Hart-Smith formula (1973) – HS
1þ ðbkkÞ
2
32ðk0Þ4 1þ
2k0c
3
 2k
0c
tanh 2k0c
 
1þ bkcþ
ðbkcÞ2
6
 t1 þ ta
2t1
3ðbkkÞ2
32kbðk0Þ4
" #
1þ ð2k
0cÞ2
3
 2k
0c
tanh 2k0c
" #
The Hart-Smith simpliﬁcation – HS (S)
1
1þ bkcþ ðbkcÞ2=6
Oplinger (1994) – OP
R3 1þ tat1 þ R2C2
 
þ 8R4 T h21T h22 R C1 1þ
ta
t1
 
 C2
h i
1þ tat1
 
R3 þ 8R4 T h21T h22 RC1 þ
ﬃﬃﬃ
8
p ð1þ R2C1Þ T h21T h1
h i
The present formulation – LT
1þ dF
ð1þ bkc cothbklþ dM Þ
The present simpliﬁcation – LT (S)
1þ ðbkcÞ2
bscf ðba2cÞ  1
8bscð1þ ta=t1Þ
 
1þ ðbkcÞ cothbklþ ðbkcÞ2
1
2brc
þ bscf ðba2cÞ þ 3
8bsc
 
Tsai and Morton nonlinear ﬁnite element analysis (1994) – TM The two dimensional nonlinear ﬁnite element analysis
conducted by Tsai and Morton
The present nonlinear ﬁnite element analysis – NFEA The two dimensional nonlinear ﬁnite element analysis
using MSC/NASTRAN
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In their 2D geometrically nonlinear FEA computations, Tsai and Morton (1994) employed the following
parameters: E1 = 70 (GPa), m1 = 0.34 and t1 = 1.6 (mm); Ea/E1 = 0.08, 0.04 and 0.008 corresponding to inﬂex-
ible, intermediate ﬂexibility and ﬂexible adhesive materials and ma = 0.4; c/t1 = 4, 8, 16, 32 and l/c = 1  100
for diﬀerent overlap and outer adherend lengths. These data are also used in this paper. The short and long
overlaps are referred to as c/t1 = 4 (l/c = 10) and 32 (l/c = 1.25 and 5), respectively.
Because Tsai and Morton (1994) performed full 2D plane strain FEA computations, the numerical results
of the analytical solutions will also be presented for the plane strain, which can be obtained by modifying
material properties in the theoretical formulations.
4.1. Edge moment factor
The edge moment deﬁnition in Eq. (36) is the same as that of Hart-Smith (1973), which is diﬀerent from
that of Goland and Reissner (1944), Oplinger (1994), and Tsai and Morton (1994). When ta t1, the bending
factor of the HS deﬁnition approaches that of the GR deﬁnition. The GR equations in Table 1 are also based
on the HS report (1973); the reasons can be seen from our numerical demonstrations. If the TM deﬁnitions for
the edge moment factor and the bending moment update are employed, the GR numerical results presented in
this paper for the edge moment and stresses should be divided by (1 + ta/t1).
Since the TM nonlinear FEA results are well accepted, the numerical results of the bending factor predicted
by the present analytical solution will be veriﬁed using their data. The TM nonlinear FEA data are read from
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Fig. 4. Edge moment factor comparisons of the single lap joint with parameters: Ea/E1 = 0.04, ta/t1 = 0.078, c/t1 = 4 and l/c = 10.
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
β k c
Ed
ge
 m
om
en
t f
ac
to
r k
0
1
2
3
4
5
6
7
8
9
10
D
ifference (%)
GR OP LT
TM HS Dif.
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Fig. 8. Edge moment factor comparisons of the single lap joint with parameters: Ea/E1 = 0.008, ta/t1 = 0.078, c/t1 = 32 and l/c = 5.
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the TM ﬁgures using software Paint with pixels of 1024 · 720, and thus the reading data are of high accuracy.
The GR, HS and OP numerical results are calculated using the equations given in Table 1.
Figs. 4–9 illustrate the edge moment factors given by TM and predicted by GR, HS, OP and the present
formula of Eq. (36). In the ﬁgures, ‘‘Dif.’’ is referred to the diﬀerence deﬁned by:
difference ¼ jkLT  kTMj
kTM
 100; ð53Þ
where kTM and kLT are edge moment factors given by TM and predicted by the present formula. The bending
moment data taken from the TM paper is divided by (1 + ta/t1) as the edge moment deﬁnitions are diﬀerent. It
is noted that the edge moment factor for the SLJ without considering large deﬂections of the outer adherends
and the overlap is:
k ¼ 1
1þ c=l ; ð54Þ
when the applied force is close to zero, the bending factor for the SLJ with large deﬂection eﬀects should ap-
proach Eq. (54).
In Figs. 4–9, the maximum values of bkc = 1, 2, 4 and 8 are used for cases of c/t1 = 4, 8, 16 and 32, respec-
tively, which corresponds to the average stress of 412 (MPa) in the outer adherends. When the edge moment
factor is beyond these ranges, material nonlinearity has to be considered.
The TM data in Fig. 4 are taken from Figs. 9 and 16 given by Tsai and Morton. The diﬀerence of the edge
moment factor k of TM and LT for the short overlap is less than 4%. The HS k values are also close to the TM
results but the edge moment factor predicted by GR and OP are larger; Tsai and Morton (1994) also indicated
this observation. Figs. 5 and 6 are the edge moment factors of the relatively longer overlap, whose TM data
are read from the TM Fig. 18. The diﬀerences between TM and LT are also less than 4% for these two cases.
However, the HS k values, or the GR and OP k values are evidently lower than or higher than the TM k values
when the applied forces become large.
Figs. 7–9 are the edge moment factors for the long overlaps. The TM data of Figs. 14 and 17 are employed
in our Figs. 7 and 8, which are referred to as the long overlap with intermediate ﬂexibility and ﬂexible adhe-
sives. The TM data of Fig. 13 are used in Fig. 9, in which the long overlap with the relatively short outer
adherend (l/c = 1.25) is considered. It can be seen that, for the long overlap, the edge moment factor predicted
by HS is signiﬁcantly lower than TM predictions, and the edge bending factors predicted by GR and OP are
considerably higher than the TM results, which can also found in Figs. 17 and 18 of Tsai and Morton (1994).
However, diﬀerences of TM and LT are less than 5%.
Figs 4–9 show that the present formulation correlates remarkably well with the TM 2D nonlinear FEA for
both short and long overlaps, and the maximum diﬀerence in all ﬁgures is less than 5%. When compared with
the TM NFEA results, the maximum diﬀerences with TM of GR, OP and HS are 59.43%, 17.23% and 73.49%,
respectively as shown in Fig. 8 and are 34.35%, 20.92% and 71.98%, respectively in Fig. 9.
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Fig. 9. Edge moment factor comparisons of the single lap joint with parameters: Ea/E1 = 0.04, ta/t1 = 0.078, c/t1 = 32 and l/c = 1.25.
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Figs. 4–9 illustrate that the present formula for the edge moment factor has the best agreement with the TM
results for all ranges of parameters considered, and thus the present formula represents a remarkable improve-
ment over those abbreviated as GR, HS and OP.
4.2. Deﬂections of the overlap
Figs. 10 and 11 depict the deﬂection of adherend 1 for the short and long overlap, in which, both TM and
GR data are read from the TM Figs. 8 and 12, respectively. The non-dimensional deﬂection is deﬁned as:
wn = w1/t1. Only the deﬂections in the overlap are plotted here, but the similar results can be obtained for
the outer adherend. It is noted that non-dimensional axis of the overlap is used in the ﬁgures, which is deﬁned
by: n = x/c.
Fig. 10 indicates that the deﬂections predicted by the present formulation are close to those of GR and TM
for the short overlap. It is noted that the present results are for the case of ta/t1 = 0.0078. The SLJ with ta/
t1 = 0 cannot be modeled in the present formulation because of the stress deﬁnition in Eq. (6). Fig. 11 shows
that the present deﬂections correlates well with the TM numerical results whereas there exist signiﬁcant dif-
ferences between the GR and TM results for long overlap.
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Fig. 10. Deﬂection of the short over lap (Ea/E1 = 0.04) predicted by the present formulation. (ta/t1 = 0.0078), the TM and the GR
formulation (ta/t1 = 0).
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4.3. Shear and peel stresses
As the stress data in Fig. 21 of Tsai and Morton (1994) for the long overlap and the lower edge moment
factor could not be read accurately, we conducted nonlinear FEA computations using MSC/NASTRAN. In
the present computation, diﬀerent mesh schemes have been used and the NFEA results in Figs. 12 and 13 are
the convergent ones, which are adopted based on the mesh scheme: a four-node isoparametric element is
employed for both the adhesive and the adherends; 3 and 18 elements are used through the adhesive and
adherend thickness in the regions of 0.8 6 jnj 6 1; 1 and 6 elements are used in the other region of the overlap.
The geometrically nonlinear FEA of the plane strain is also implemented in the present computation. The ten-
sile force of 659.6 (N/mm) (bkc = 8) is applied at point O2 by 10 steps. The boundary conditions are:
uO1 ¼ wO1 ¼ wO2 ¼ 0, which are the same as those of the TM NFEA. The stresses in element centers of the
central adhesive layer are used in Figs. 12 and 13, which can represent the adhesive stresses based on the
GR deﬁnitions.
Figs. 12 and 13 illustrate the shear and peel stresses distributions for the long overlap with the intermediate
ﬂexible adhesive. in which, ‘‘Load’’ represents the maximum applied force. The load step of 0.3 and 1 are cor-
responding to bkc = 4.348 and 8, respectively. Fig. 12 shows that the shear stress distributions predicted by the
present formulation and NFEA are almost the same except for the edge area for bkc = 4.348 and 8. When
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Fig. 13. Peel stress of the short overlap predicted by the GR formulation, the present formulation and NFEA (Ea/E1 = 0.04, ta/t1 = 0.078,
c/t1 = 32 and l/c = 1.25).
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bkc = 4.348, the GR shear stress distribution is also close to that of NFEA, while the diﬀerences are observed
between the GR and NFEA for bkc = 8. Fig. 13 depicts the peel stresses predicted by GR, LT and NFEA, in
which only the results in the region of 1 6 n 6 0.8 are given for the plotting quality. It is noted that the
NFEA peel stress at the center line end is not equal to zero. The self-balance of the present peel stress can
also be observed by referring the GR and NFEA results in this ﬁgure. It is evident that the present peel stress
distribution correlates better to the NFEA results than that of Goland and Reissner (1944).
It is noted that, similar to the classical 1D model, the present theory could not model the edge stress-free
conditions (Allman, 1977), which can be satisﬁed in the 2D FEA when suﬃciently ﬁne meshes are used. In this
sense, it might be reasonable to say that the FEA can capture better stress distribution than the present 1D
model. Based on the mathematical elasticity for linear elastic body, stress singularity can be present at the
intersectional points, which is not modeled by both the 1D analytical models and the 2D FEA without crack
elements. Detail discussion on the issue of end stress singularity and distribution can be found in Tsai and
Morton (1994).
Figs. 14 and 15 depict the peak edge shear and peel stresses, in which, ‘‘GR-k’’ represents the results cal-
culated using the GR stress formulation and the present edge moment factor k. When bkc = 8, the GR peak
shear stress is 4.94% larger than the present one, but the GR-k peak shear stress is 5.03% lower than the pres-
ent one. However, when the present edge moment factor is substituted into the GR peel stress formulation, the
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Fig. 14. Shear stress of the long overlap predicted by the GR formulation, the present formulation and NFEA (Ea/E1 = 0.04,
ta/t1 = 0.078, c/t1 = 32 and l/c = 1.25).
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Fig. 15. Peel stress of the long overlap predicted by the GR formulation, the present formulation and NFEA (Ea/E1 = 0.04, ta/t1 = 0.078,
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diﬀerence of the GR-k and LT peak peel stress is less than 1% in the range of 0 < bkc 6 8. The GR stress sim-
ilarity and diﬀerence with the NFEA can also be observed in Figs. 20 and 21 of TM paper (1994), and the
issues of adhesive edge stresses can be referred to Figs. 11 and 15 of the same paper.
5. Evaluation of the simpliﬁed edge moment factor
The present analytical solutions appear accurate as benchmarked by the 2D NFEA results but quite com-
plicated for practical applications, and thus we present a simpliﬁed form of the edge moment factor as given in
Eq. (51). In this section, we assess the simpliﬁed formula for the edge moment factor for SLJs with diﬀerent
material properties and geometric sizes. In the subsequent ﬁgures, the GR and HS (S) edge moment bending
factors are also given as reference. It is noted that adhesive material properties and thickness are not included
in the GR and HS (S) formulations, whilst all material properties and geometric sizes of SLJs are included in
the present simpliﬁed edge moment factor.
5.1. Length eﬀects of the overlap and the outer adherend
When bklP 3, the approximation error of cothbkl  1 is less than 0.5%. It is easy to show that the relation
of bkl < 3 is corresponding to the very low applied force when (l/t1)P 50. Therefore, the approximation of
cothbkl  1 can be used for the relatively long outer adherend.
The edge moment factor for the short overlap predicted by the present full and simpliﬁed formulations is
plotted in Fig. 16, which shows that the maximum error of the present simpliﬁcation is less than 2%. Fig. 16
shows that the present simpliﬁed formula of the edge moment factor can be applied to the short overlap with
diﬀerent lengths of the outer adherends, even though we assumed the long overlap in the simpliﬁcation.
Figs. 17–19 show the numerical results of the edge moment factor predicted by the present full and simpli-
ﬁed formulas, GR formula and HS simpliﬁed formula for diﬀerent overlap lengths. The maximum error of the
present simpliﬁcation is less than 1% for these cases. Therefore, the present simpliﬁed edge moment factor
gives accurate results for diﬀerent overlap and adherend lengths.
5.2. Eﬀects of material properties and thicknesses of the adhesive and adherend
Edge moment factors for the short overlap with ﬂexible adhesive for diﬀerent adhesive thickness predicted
by TM and LT (S) are plotted in Fig. 20, in which, Rt = ta/t1. The TM data are taken from Fig. 9 given by Tsai
and Morton (1994). When the adhesive is thick (ta/t1 = 0.156), the maximum diﬀerence between TM and LT
(S) is less than 2%. Because the present formulation can not model SLJs with ta = 0, we use ta/t1 = 0.0078 to
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Fig. 16. Edge moment factor predicted by the present full and simpliﬁed formulas for the short overlap (c/t1 = 4, ta/t1 = 0.078,
Ea/E1 = 0.04 and l/c = 2, 100).
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Fig. 18. Edge moment factor predicted by the present full and simpliﬁed formulas for the SLJ when c/t1 = 16, ta/t1 = 0.078, Ea/E1 = 0.04
and l/c = 5.
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Fig. 19. Edge moment factor predicted by the present full and simpliﬁed formulas for the long overlap (c/t1 = 32, ta/t1 = 0.078,
Ea/E1 = 0.04 and l/c = 5).
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simulate the case of ta = 0. As compare to the TM results, the maximum diﬀerence is less than 4%. Errors of
the present simpliﬁcation are less than 1% for these cases and are not plotted in this ﬁgure. Fig. 20 indicates
that the present simpliﬁcation can be applied to the short overlap with diﬀerent adhesive thickness.
Tsai and Morton (1994) showed that the adhesive materials have minor eﬀect on the k values for the short
overlap. Fig. 20 illustrates that the adhesive thickness has minor inﬂuence on the k values for the short over-
lap. Therefore, using the HS deﬁnition, both the material and the thickness of the adhesive have a little eﬀect
on the edge moment factor for the short overlap. This is another reason that we employ the HS edge moment
factor deﬁnition in this paper.
5.2.1. Eﬀects of material property and thickness of the adhesive on the long overlap
Tsai and Morton (1994) indicated that both the material property and the thickness of the adhesive have
signiﬁcant eﬀects on the edge moment factor. In this subsection, we will verify the accuracy of the present sim-
pliﬁcation for the long overlap with diﬀerent adhesive material and thicknesses.
Fig. 21 shows the comparisons of edge moment factors predicted by the present full and simpliﬁed formu-
lations for the long overlap with the inﬂexible (Ea/E1 = 0.08) and ﬂexible (Ea/E1 = 0.008) adhesive. Fig. 22 is
that for the long overlap (c/t1 = 32, l/c = 5) with the thin (ta/t1 = 0.0078 or ta = 0.01248 mm) and thick
adhesive (ta/t1 = 0.156) layers. Figs. 21 and 22 indicate that errors of the present simpliﬁcation for the
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Fig. 20. Edge moment factor predicted by the present simpliﬁed formula and the TM NEA for the short overlap (Ea/E1 = 0.008 c/t1 = 4,
l/c = 10, Rt = ta/t1).
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Fig. 21. Edge moment factor predicted by the present full and simpliﬁed formulas for inﬂexible and ﬂexible adhesives when c/t1 = 32,
ta/t1 = 0.078 and l/c = 5.
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demonstrated diﬀerent adhesive material and thicknesses are less than 1%. It is also observed that the GR edge
moment would be close to the present one when ta approaches to zero or Ea becomes large.
5.2.2. Eﬀects of material property and thickness of adherends
The eﬀects of the material property and thickness of the adherends on the edge moment factor are illus-
trated in Figs. 23 and 24. The soft and hard materials in Fig. 23 are referred to E1 = 42 (GPa) and
E1 = 210 (GPa), respectively, Young’s Modulus of the hard material is equivalent to that of steel. The Pois-
son’s ratio of the adherends is 0.34, and the intermediate ﬂexible adhesive (Ea = 2.8 GPa) is used in this exam-
ple. The thick and thin adherends in Fig. 24 are t1 = 3.744 (mm) and t1 = 0.624 (mm), respectively; the
adhesive thickness is 0.1248 (mm). Figs. 23 and 24 demonstrate that the errors of the present simpliﬁed for-
mula k for diﬀerent adherend materials and thicknesses are less than 1% compared to the present full formula
k.
On the basis of the above numerical results, we can see that the present simpliﬁed edge moment factor
shown in Eq. (51) is of high precision. Eﬀects of the material property and geometrical sizes on the edge
moment factor can also be understood from the demonstrated numerical results.
The accurate edge moment factor obtained in this paper is attributed to that the large deﬂection of the over-
lap is properly modeled. Eq. (12) is a general form of the nonlinear diﬀerential equilibrium equations and
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Fig. 22. Edge moment factor predicted by the present full and simpliﬁed formulas for the thick and thin adhesive when c/t1 = 32,
Ea/E1 = 0.04 and l/c = 5.
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Fig. 23. Edge moment factor predicted by the present full and simpliﬁed formulas for soft and hard adherend materials (Ea = 2.8 GPa,
c/t1 = 32, ta/t1 = 0.078 and l/c = 5).
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higher orders are neglected in Eq. (14). The items on the right hand side of Eq. (14) reﬂect eﬀects of the overlap
large deﬂections.
6. Conclusions
This paper presents two sets of new fully-coupled nonlinear governing equations for both longitudinal and
transverse deﬂections of adherends for single lap joints by taking into account both large deﬂections of adh-
erends and adhesive shear and peel strains. Novel closed-form and accurate solutions are developed for the
edge moment factor (Eqs. (36)–(38)) and adhesive shear and peel stresses (Eqs. (39) and (40)) for single lap
adhesive bonded joints by solving the two sets of nonlinear equations. Simpliﬁed and accurate formula for
the edge moment factor (Eq. 51) is also derived via an approximation process. In the present formulas for
the edge moment factor, all material and geometrical parameters are included. The comprehensive numerical
evaluation demonstrates that the present solutions for the edge moment factor (including the simpliﬁed for-
mula) and the adhesive stresses appear to be the best as they agree extremely well with the nonlinear ﬁnite
element analysis results for all ranges of material and geometrical parameters considered in this paper.
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